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Introduction
In [6] , B.Y.Chen, F.Dillen, L.Vrancken and one of the authors introduced the notion of k-minimality for compact hypersurfaces in Riemannian manifolds, whereby k ∈ N , and, in particular, 0-minimality corresponds to the classical notion of minimality (i.e. vanishing mean curvature function), and 1-minimality corresponds to CMC (i.e. H is constant). Basically, this is done by imposing these hypersurfaces to satisfy a variational minimal principle for their volume (area when dimension is 2, length when dimension is 1) under so-called normal k-deformations, i.e. normal deformations for which the variational functions are chosen in relation with elementary spectral theory. In particular, in []the closed k-minimal curves in the Euclidean plane E 2 are characterized by the property that their curvature function is of finite type, i.e. has a finite Fourier series expansion with respect to the arclength. As such, all 2-minimal closed Euclidean planar curves were classified, and also many examples of such k-minimal curves, for k > 2, were given.
In the present paper, we give a similar spectral variational theory for closed curves in the Euclidean 3-space E 3 , considering deformations in the direction of the principal normal vector field. Similarly as in the planar case, the closed Euclidean space curves satisfying the corresponding variational minimal principle are characterized by their curvature being a function of finite Chen type; their torsion remains completely free. Finally, we discuss some examples of closed k-minimal space curves, which were studied before in the context of the theory of curves of finite Chen type [3] , [4] , [7] , [8] , [9] and which came up very recently in the work of P.D.Scofield on space curves of constant precession [10] .
Deformations of space curves in the principal normal direction
Let β be a closed (regular) curve in E 3 of length 2πr, r ∈ R + 0 . Then β can be considered as an isometric immersion of a circle S 1 (r) of radius r into E 3 :
whereby s ∈ [0, 2πr] is an arclength parameter. As usual, let T = β , N and B be the Frenet trihedral of β, such that the curvature function k(s) and the torsion function τ (s) of β are determined by the Frenet formulas T = kN, N = − kT + τ B and B = − τ N . Now, we consider deformations of the curve β in the direction of its principal normal N , i.e. variations given by
where t ∈ (− , ), ∈ R + 0 , and f ∈ C ∞ β; of course, β = β 0 . From (2.2) it follows that the velocity of the deformed curve β t is given by
(when denotes differentiation with respect to s). Hence,
Consequently, the length L(t) of the curve β t is found to be
where we have put
Thus we find the following first variational formula for the length under these deformations:
This implies that
Moreover, from (2.7), we obtain the following second variational formula:
This implies that Actually, as is well known, the above formulas essentially remain valid when considering any compactly supported variation of D N also for non-closed space curves. Then (2.8) and (2.10) yield the classical result that the straight lines (L (0) = 0 for all functions f , implying of course k ≡ 0) are the only minimal curves in E 3 , and they are moreover stable (since, always, L (0) ≥ 0). We recalled the above formulas however specifically for the closed curves in E 3 , since we next want to consider various subclasses of the set D N as determined by the behaviour of the spectral decomposition of the variational functions f .
Curves of finite Chen type and classes F k of functions
The Laplace operator ∆ of S 1 (r) being given by
and the corresponding eigenspaces are
These eigenspaces are mutually orthogonal with respect to the inner product
and their sum
Hence the spectral decomposition of β with respect to its Laplacian,
where β 0 , β n andβ n are certain fixed vectors in E 3 , β 0 actually being the center of mass of β, is nothing but the Fourier series of β with respect to the arclength parameter s. As a particular case of a general notion of (compact as well as non-compact) submanifolds of finite 
(β).
For more information on curves of FT, see e.g. [2] , [3] , [4] . In particular, the circles are the only closed 1T curves, all 2T curves in E n are classified by B.Y.Chen, F.Dillen and one of the authors [4] , and also all 3T curves in E 3 are known through some work of L.Vrancken and both authors [8] , [9] and a recent paper of D. Blair [1] . We will come back to some 2T and 3T closed space curves in the last section.
Similarly, every function f ∈ C ∞ β can be decomposed in its spectral series with respect to ∆, or equivalently in its Fourier series with respect to s:
whereby f 0 is a constant and f n is an eigenfunction belonging to λ n , for n = 1, 2, . . . , i.e. f n (s) = a n cos ns r + b n sin ns r , (3.6) where a n , b n are constants. 
Clearly we have the following inclusions: Clearly, we have the following inclusions: Remark. From the previous definition and (4.1), we see that every k-minimal curve is automatically also -minimal for ≥ k.
Principal normal k-deformations
From the previous definition combined with formula (2.8), we have that β is k-minimal if and only if
Since the eigenspaces V n of ∆ are mutually orthogonal, we derive from (4.2) the following characterization of k-minimality.
Teorema : Let β be a closed curve in E
3 of length L = 2πr, with arclength s ∈ [0, 2πr] and curvature function k. Then the following statements are equivalent:
(v) There exists a polynomial P of one variable such that P (∆)k = 0.
Corolario 3 :
There are no closed 0-minimal curves in E 3 .
Corolario 4 :
The only closed 1-minimal curves in E 3 have constant curvature k. 
Some examples
In this section we discuss some non-trivial examples of k-minimal closed space curves, k ≥ 2, which on one hand are known for quite some time now within the theory of submanifolds of finite Chen type, and on the other hand turned up very recently in the work of P.D.Scofield [10] on Euclidean space curves of constant precession. Euclidean space curves of constant precession are defined by the property that, being transformed with unit speed, their centrode revolves about a fixed axis with constant angle and constant speed [10] .
Here by centrode is meant, for a curve β(s)where sis an arclength parameter, the vector C(s) = τ (s)T (s) + k(s)B(s), which at every point β(s)of the curve determines the axis of instantaneous rotation of the Frenet frame {T (s), N (s), B(s)}when moving along the curve.
The following characterization of such curves is originally due to P.D.Scofield, but we will present its derivation in a somewhat different way here.
For a space curve of constant precession, it is required that C(s)moves with constant speed on a circle centered at the axis of precession (a fixed line) in a plane perpendicular to this axis. So, to start with, we must have
for some function f of s. Next, we express that the curve C(s) has constant speed: since, using the Frenet formulas, 
In order to satisfy the property we aim for, we express that the velocity vector C (s) of C(s) should be perpendicular to V (s) for all s, yielding ατ + γk = 0 . so that, in particular, δ is constant, and from (5.13) we obtain that
which by (5.1) and the fact that we already know that δ is constant, implies that also g is constant. Thus g = C 1 and δ = C 2 are constants, which, by (5.15), are related by
or still, making use of (5.6), by
is a fixed vector different from 0, (determining the axis ). Since any constant multiple of V (s) can serve in the same purpose, we will consider in the following, in particular, the fixed vector
It is clear at once that
From (5.6) we see that the curvature k(s) and torsion τ (s)of a curve of constant precession satisfy both the differential equation
which, again making use of (5.6), and eventually up to a reflection and a translation of the arclength parameter, give the following "natural equations" of such curves: Based on this, he obtains the following.
Teorema B ([10]).An arclength parametrization of a Euclidean space curve of constant precession with natural equations
is given by
where w ∈ R + 0 , µ ∈ R 0 are constants and α = √ w 2 + µ 2 . Moreover, the curve lies on the one-sheeted hyperboloid of revolution
And the curve is closed if and only if µ α is rational.
These curves are, cf §3, clearly all 3T -curves, except when α −µ = µ, i.e. α = 2µ, or still, using (5.25) when
in which case they are 2T -curves. From Theorem B and Theorem 2, we thus have the following.
Corolario : All 2T -curves in E 3 of constant precession and all 3T -curves in E 3 of constant precession for which µ α is rational, are
Remark 1. Actually, it follows from the above considerations, that the curves β(s) of constant precession in E 3 are characterized also by the fact that their centrode C(s) is a curve of constant speed lying on the sphere centered at the origin 0 of E 3 .
Remark 2. Also, for curves of constant precession, it is clear from the above that N revolves also with constant (complementary) angle and constant speed around the axis . In particular this implies that the spherical image of a given curve β(s) of constant precession, σ(s) = T (s), since σ (s) = T (s) =k(s)N (s), is a spherical helix (on S 2 0 (1)). The parametric equations of such helices are known, and so, a parametrization of the curve β(s) of constant precession can be obtained by simple integration. Whereas in general, for space curves to find the parametric equations of a curve β(s) from given natural equations is a rather complicated matter, (see e.g. Struik, Eisenhart).
6. Some comments 1. The above notes on k-minimality of space curves can trivially be extended to the study of the k-minimal closed curves in arbitrary dimensional Euclidean spaces E m , m > 3.
2. More generally, the theory of the k-minimal compact hypersurfaces M n in E n+1 , or for that matter, of the k-minimal compact hypersurfaces M n in any Riemannian manifold N n+1 , could similarly be extended to a theory of k-minimal compact submanifolds M n in Riemannian manifolds N m , with arbitrary dimensions n and arbitrary codi- 
